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Abstract
When trying to develop a stochastic calculus of variations for Brownian motions on the group of volume
preserving diffeomorphisms some difficulties appear. We propose here such a calculus for some truncated
approximations of these diffusions.
© 2011 Elsevier Masson SAS. All rights reserved.
1. Introduction
There are various problems coming from Mathematical Physics (for example [1], where the
Virasoro algebra is studied) where a canonical Hilbertian metric is imposed by the dynamics and
the Brownian motion associated to that metric is not well defined. Then one needs to renormalize,
in some sense, the Laplacian operator. The corresponding calculus of variations was introduced
in [7] in the context of Hydrodynamics. Following the approach initiated by Arnold [2] and
further developed in [8], the relevant configuration space in this context is the group of volume
preserving diffeomorphisms of the manifold where the Euler (or Navier–Stokes) equations are
defined and the relevant Hilbertian metric is the L2 metric. The corresponding Brownian motion
is not well defined, a renormalization is therefore necessary in that context.
Via the renormalization we have a diffusion which is not canonically associated to the under-
lying geometry. More precisely the Brownian motion is not generated by the Laplace–Beltrami
operator for the L2 metric.
Here the case of the diffeomorphism group on the two-dimensional torus is considered. We
choose two dimensions for simplicity, since the whole construction extends to the d-dimensional
E-mail address: abcruz@math.ist.utl.pt.0007-4497/$ – see front matter © 2011 Elsevier Masson SAS. All rights reserved.
doi:10.1016/j.bulsci.2011.05.001
558 A.B. Cruzeiro / Bull. Sci. math. 135 (2011) 557–564case. We explain the difficulties encountered in the development of the stochastic calculus of
variations and we propose a corresponding calculus for some truncated approximations of the
Brownian flow.
2. Geometric preliminaries
We begin with a brief description of the Laplacian operators on a finite-dimensional Rieman-
nian manifold. Let M be a d-dimensional complete connected Riemannian manifold. Denote by
O(M) the orthonormal frame bundle over M , namely
O(M) = {(m, r): r : Rd → Tm(M) Euclidean isometry, m ∈ M}
and by π : O(M) → M,π(r) = m the canonical projection.
We consider Hk , k = 1, . . . , d , the canonical horizontal vector fields on O(M). If γk denotes
the geodesic such that γk(0) = m and ddt |t=0γk(t) = r(ek), where {ek} stands for the canonical
basis of Rd , and if (γk(t), rk(t)) represents the parallel transport of r along γk defined, in local
coordinates, by
d
dt
rk = −Γγ˙k rk, rk(0) = Id
then the canonical horizontal vector fields are defined by
Hk(r) = d
dt
∣∣∣∣
t=0
rk(t)
Denote by Θ the one form defined on O(M) with values on so(d) × Rd , by 〈Θ,Ak〉 = (ek,0).
Consider the form Θ = (σ,ω), with ω(m, r) = r−1 dr . The corresponding structure equations
are
dσ = ω ∧ σ
dω = ω ∧ω +Ω(σ ∧ σ)
where Ω is the curvature tensor.
Let ρ denote a Hermitian operator which diagonalizes in the base ek with non-negative eigen-
values λk . Consider the following Laplace operator

ρ
O(M) =
d∑
k=1
λ2k∂
2
Hk
When ρ = Id this is the lift to the frame bundle of the Laplace–Beltrami operator on M , LB.
More precisely, in that case, O(M)(f ◦ π) = (LBf ) ◦ π . Here we have a corresponding oper-
ator on the underlying manifold M ,

ρ
O(M)
(f ◦ π) = (ρf ) ◦ π
and an associated diffusion.
We consider now an infinite-dimensional framework. Let G be the group of smooth volume
preserving diffeomorphisms on the two-dimensional torus T and G its Lie algebra, consisting of
smooth vector fields with zero divergence. Considering on G the L2 metric we obtain on G a
structure of Riemannian manifold. The following vector fields form an orthonormal basis of G,
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Bk = 1|k| (k2,−k1) sin k.θ
with θ ∈ T2, k ∈ Z˜2−{(0,0)}, where Z˜2 denotes a subset of Z2 such that the equivalence relation
defined by k  k′ if k + k′ = 0 has a unique representative in Z˜2 and where k.θ = k1θ1 + k2θ2,
|k|2 = k21 + k22 .
Theorem 2.1. (See [4].) In the basis {Ak,Bk} the Christoffel symbols of the Levi-Civita connec-
tion are given by
ΓAk,Al = [k, l](αk,lBk+l + βk,lBk−l )
ΓAk,Bl = [k, l](−αk,lAk+l + βk,lAk−l )
ΓBk,Al = [k, l](−αk,lAk+l − βk,lAk−l )
ΓBk,Bl = [k, l](−αk,lBk+l + βk,lBk−l )
where [k, l] = k1l2 − k2l1 and
αk,l = 12|k||l||k + l|
(
l.(k + l))
βk,l = 12|k||l||l − k|
(
l.(l − k))
An orthonormal frame r is a Hilbertian isomorphism of some tangent plane Tg(G) onto l2;
the basis {Ak,Bk} gives a natural identification of l2 with G; therefore we define an orthonormal
frame r as an isometric isomorphism from Tg(G) onto G. We denote by O(G) the frame bundle
above the group G, that is the collection of all orthonormal frames above G.
Denote by π the canonical projection
π : O(G) 
→ G, π(r) = g, where r : Tg(G) 
→ G
and call a fiber the inverse image by π of a point of G.
The unitary group U(G) of G operates on O(G) by
r 
→ U ◦ r, U ∈ U(G)
To every endomorphism of A of Tg(G) we associate, for r ∈ π−1(g),
Ar := r ◦A ◦ r∗; we have AU ◦ r = U ◦Ar ◦U∗
A canonical section χ can be defined in O(G) as χ : g → χg , with [χg](Ak) := dd |=0 ×
exp(Ak)g, [χg](Bk) := dd |=0 exp(Bk)g, allowing to make the following identification
S := U(G)×G  O(G)  {U ◦ χg}U∈U(G), g∈G
Denote by Θ = (σ,ω) the parallelism on S defined by the Levi-Civita connection on G.
The Lie algebra of S, denoted by S , consists of the right-invariant vector fields on S; denoting
su(G) the Lie algebra of U(G), we have S = su(G)× G. Then we have (cf. [7]), for a vector field
on S at a point (U,g), the following structural equations,
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〈ζ1 ∧ ζ2, dω〉 = ω(ζ1)ω(ζ2)−ω(ζ2)ω(ζ1)+Ω
(
σ(ζ1)∧ σ(ζ2)
)
whereΩ is the Riemannian curvature tensor considered as a Hermitian endomorphism of
∧2 G 
su(G).
3. Renormalized stochastic calculus of variations
Consider the G-cylindrical Brownian motion x(t) defined by
dx(t) :=
∑
k∈Z˜2
(
Ak dx
1
k (t)+Bk dx2k (t)
)
where {(x1k , x2k )} is a sequence of independent R2-valued Brownian motions.
The cylindrical Brownian motion can only be realized as a measure on Sobolev spaces of
negative index. Therefore it is not possible to exponentiate from the Lie algebra to the underlying
Lie group: the cylindrical Brownian motion must be renormalized.
The G-valued renormalized Brownian motion is the Gaussian process defined as
y(t) := ρ(x(t))
where ρ is a Hermitian operator which diagonalizes in the basis {(Ak,Bk)} with the same eigen-
values λk . We assume
∑
k∈Z˜2 λ
2
k < ∞ (which is a necessary and sufficient condition for y(t) to
be a G-valued process).
The G-valued ρ-Brownian motion is defined by the following Stratonovich SDE,
dgy,t = ◦dy(t)gy,t , gy,0 = Id
In [4] the existence of solution of this SDE for all times was shown under the assumption∑
k λ
2
k < ∞.
We want to consider a stochastic calculus of variations for the renormalized diffusion that
generalizes the one developed in [9] for the Laplace–Beltrami operator in a finite-dimensional
manifold.
We mention that when ρ is a non-degenerate operator we can consider the ρ-metric 〈U,V 〉ρ =
〈ρ(U),V 〉 and develop the corresponding geometry and stochastic calculus of variations. This
is not the approach we follow: we rather want to conserve the initial Riemannian geometry and
write all criteria in terms of the corresponding geometrical objects.
Given Z ∈ G, its horizontal lifting to S is the vector field Z˜ on S defined by
〈Z˜, σ 〉U,g = U(Z)
〈Z˜,ω〉U,g = 0
Using the canonical projection π : S 
→ G we have
[DZf ] ◦ π = DZ˜f˜ , where f˜ = f ◦ π
Consider the lift of the vector fields Ak and Bk to S , satisfying
〈A˜k, σ 〉U,g = U(Ak), 〈A˜k,ω〉 = 0
〈B˜k, σ 〉U,g = U(Bk), 〈B˜k,ω〉 = 0
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˜ρ =
∑
λ2k
([D
A˜k
]2 + [D
B˜k
]2)
The operator ˜ρ satisfies, as in the finite-dimensional case,
[ρf ] ◦ π = ˜ρf˜
The diffusion generated by 12˜ρ is called the lifted ρ-Brownian motion and is denoted by r˜y,t ,
with y(t) = ρ(x(t)). We have,
π(r˜y,t ) = gy,t
〈◦dr˜y,t ,ω〉 = 0
where the G-valued diffusion g is defined by
dgy,t = ◦dy(t)gy,t , gy,0 = Id
Following [7] we define the S-valued process t → rx,t ,
〈◦drx,t , θ〉 =
(
rx,t ◦ ρ ◦ r−1x,t
)
(◦dx)
〈◦drx,t ,ω〉 = 0
It was proved in [7] that the two processes ry,t and r˜x,t have the same law.
4. Stochastic calculus of variations for the truncated diffusions
The map x → (rx(.)) that sends the classical Wiener space to the path space of S is called
Itô map; it was introduced in the finite-dimensional case in [10] and plays a central rôle in the
Malliavin’s stochastic calculus of variations on curved spaces.
The derivation of the specialization of the Itô map for a fixed time t is given in the following
theorem. This result generalizes to our “Renormalized” Operators Theorem 1.4.1 of [9] and was
proved in [7] for diffusions on the group of diffeomorphisms.
Theorem 4.1. (See [7].) For a fixed r0 ∈ S and a given semimartingale ξ with values in Tr0(S)
with an antisymmetric diffusion coefficient, we have
〈
d
dτ
∣∣∣∣
τ=0
rx(r0 + τξ)(t), σ
〉
= ξ ′x,t
〈
d
dτ
∣∣∣∣
τ=0
rx(r0 + τξ)(t),ω
〉
= γx,t
where
dξ ′(t) = (Γξ ′x,t ρ − ρΓξ ′x,t ) ◦ dx(t)+ γx,t
(
ρ ◦ dx(t))
dγ (t) = Ω(ξ ′(t), ρ ◦ dx(t))
with γx,0 = 0 and ξ ′ = 〈ξ, σ 〉.x,0
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ξ induces a variation (ξ ′) that does not have an antisymmetric diffusion part unless ρ coincides
with the identity. But in this case the underlying Brownian motion is not well defined.
We therefore consider the case where ρ diagonalizes in the basis {Ak,Bk} with the same
eigenvalues λk = 1 for |k|N and λk = 0 for |k| >N . We denote this operator by ρN .
We denote by rNx (t) the corresponding S-valued process for such a choice of operator ρN and
call it truncated diffusion. Notice that the processes rNx are not finite-dimensional projections:
they are still infinite-dimensional processes, but driven by a finite number of Brownian motions,
π
(
r˜Nx,t
)= gNx,t〈◦dr˜Nx,t ,ω〉= 0
where
dgNx,t = ◦dxN(t)gNx,t , gNx,0 = Id
and
dxN(t) =
∑
|k|N
(
Ak dx
1
k (t)+Bk dx2k (t)
)
Theorem 4.2. For a fixed r0 ∈ S and a given semimartingale ξ with values in Tr0(S), having an
antisymmetric diffusion coefficient, we have〈
d
dτ
∣∣∣∣
τ=0
rNx (r0 + τξ)(t), σ
〉
= ξNx,t〈
d
dτ
∣∣∣∣
τ=0
rNx (r0 + τξ)(t),ω
〉
= γ Nx,t
where, for components k such that |k|N we have
d
(
ξN(t)
)k = (γ Nx,t(◦dxN(t)))k
dγ N(t) = Ω(ξN(t),◦dxN(t))
where γ Nx,0 = 0 and ξNx,0 = 〈ξ, σ 〉.
Proof. This is a consequence of Theorem 4.1 and of the fact that, Γ being an antisymmetric
operator, the matrix (ΓρN − ρNΓ )k,j , with |k|, |j |N is equal to zero.
We now consider the correspondent finite-dimensional diffusions, obtained by projecting r˜N
in the unitary group of GN , the subspace of G generated by the vector fields {Ak,Bk} with
|k|  N . We shall denote these diffusions by r˜N,N and gN,N their projections. Based on the
methodology of [9] we also obtain the following result,
Corollary 4.3. Let Φ be a smooth function defined on G. We have,
d
dτ
∣∣∣∣
τ=0
E
(
Φ
(
π
(
r˜N,Nx (r0 + τξ)
)))= E(〈[r˜N,Nx ]−1(ζNx,t),DΦ〉gNx,t
)
where, for |k|N the process ζN satisfies
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dζN
)k = (γ Nx,t dxN(t))k − 12
(
RicciN
(
ζN(t)
))k
dt
|k|N , and where RicciN is the operator defined by
RicciN(Z) = −
∑
|k|N
(
Ω(Ak,Z,Ak)+Ω(Bk,Z,Bk)
)
Proof. The contraction term (difference between Itô and Stratonovich integrals) for the process
ζN is written in terms of the Ricci expression.
Applications. Transference of derivatives (or related integration by parts) formulae such as the
one of this corollary appears in the stochastic calculus of variations and allows to derive regularity
results for the fundamental solutions of the corresponding heat operators, to obtain Harnack-type
estimates, etc. We mention, for example, Ref. [3].
It has also been used to construct invariant probability measures in [5] under positivity as-
sumptions on the Ricci curvature term. In our case RicciN is actually negative (cf. [6]). More
precisely [6], we have,
RicciN(Aj ) = −
∑
|k|N
[k, j ]4 |k|
2 + |j |2
|k|2|j |2|k − j |2|k + j |2 Aj
RicciN(Bj ) = −
∑
|k|N
[k, j ]4 |k|
2 + |j |2
|k|2|j |2|k − j |2|k + j |2 Bj
In particular the processes gN,N provide (finite-dimensional) examples of processes for which
such invariant measures do not exist, as was proved in [6].
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